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ABSTRACT

The néi:;h_’u..-m* analygis :::J' reinforced concrete deep beams using finite element
method s pre.»}l-med Jieve. The nonlinearity included the nonlinear behavior,
anisotropy undcr biaxial state of stress, cracking and crushing of concrete. The post
cracking shear tranmsfer in concrete by aggregate interlock and yielding of
reinforcement are also considered in the analysis.

A quadrilateral eight-noded isoparametric elements were used to reprosent
concrete materials, while bar elements perfectly connected to the concrete nodes vere
used to represent the steel.

Validity of the proposed model was checked by analysis of three reinforced concr .l
deep beams. The results showed good agreement with experimental ones.

Deep beams with openings of different sizes and locations were also analyzed. The

results showed that proposed model can represent efj-cts of the openings on behavior

of deep beams including ultimate load capacity, crack propagation, siress and strain 4
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1. Introduction

The usual analysis methods in ordinary
beams can not be applied to deep beams
because this type of beams have a significant
shear deformations and vertical normal
stresses. Reinforced concrete is a nonlinear
material, this nonlinearity introduces several
complexities in the analysis, therefore
classical method, which describes the
problem with partial differential equations is
difficult if not impossible. The finite element
method as a numerical technique offers a
rigorous and rational analysis of reinforced
concrete structures especially deep beams.

The earlier studies in using finite
element method in the analysis of reinforced
concrete structures were made by Ngo and
Scordelie (3) in 1967, Nilson (4) in 1968,
Valliappan and Doolan (5)in 1972, Robins
and Kong (6) in 1973, Suidan and
Schnobrich (7) in 1973, and others.

Analysis of reinforced concrete deep
beams by finite element method was studied
by Robins and Kong (6) in 1973, Cope and
Rao (10) in 1977, Phillips and Zienkiewicz
(9) in 1976, Gogate and Bishara (12) in
1980, and Mahmood (13) in 1986. In these
studies several models were made to
represent the reinforced concrete material. In
the last study (13), the concrete was
represented by linear isoparametric elements
or quadrilateral elements with incompatible
mode. The main steel was represented by bar
or constant strain triangular elements.
Linkage elements with proper stiffness were
presented to simulate the interaction between
main steel and concrete. The secondary steel
was represented by bar elements and perfect
bond was assumed between concrete and
secondary steel,. The  stress-strain
relationship for concrete was taken tobe

linear as givin by Liu (17) in compression,
while in tension the relationship was
considered to be nonlinear in certain ranges
of stress ratios. The incremental iterative
procedure with variable stiffness matrix was
adopted in the nonlinear solution algorithm.

The present work aims to develop a
simple behavioral model, applied to finite
element program, capable of modeling the
nonlinear behavior of plain reinforced
concrete deep beams under monotonic
loading up to failure.

2. Material Constitative Relationship
2.1 Concrete constitutive relationship
2.1.1 Biaxial stress-strain relation for
concrete

For nonlinear elastic homogenous, and isotropic
material, the equation:

e*E
f=-eee mmmmivnens (1)

(1-vk)

Is applicable as a biaxial stress-strain
relation, where “f" is the principle stress in any
direction; “¢” is the strain in that direction” “E"
is the modulus of elasticity; “v" is the poisson’s
ratio, and “k” is the rmatio of stress in the
orthogonal direction to the principal stress in the
direction considered.

An expression similar to Equ. (1). Modified to
account for the nonlinear nature of concrete
under biaxial compression, as proposed by Liu
17):

(17) i

=
- | E € e 2

(I-vk}{I+( Al | S Y )
1-vk Es ep e

Where Es=1p/ep
fp : peak stress in biaxial compression.
ep : peak strain in biaxial compression.

52



JZS (Part A), Vol. 4(1), 2001

3- For biaxial tension — tension ;

Major direction fpl=ft
Minor direction fp2 =kl * fpl...... (8)
K1=12/fl K2=f1/f2 ... (9)

fl , f2 : stress in principal directions 1 and 2,
respectively.

fpl , fp2 : peak stress in principal directions
1 and 2, respectively.

B- Strain at Peak Stress Under Biaxial
Stress

Based on the experimental work of
Kupfer et al (15). Mahmood (13) proposed
the following relations for determining the
values of peak strains:

(1) In compression-compression Zones:
(a)In major direction:
ep =-2200-2545B
For0° <= B <=27.5°
ep =-3685.67 + 28.57B
For27.5°<B <=45" .....(10)

(b)In the minor direction:
ep=770-56B
For 0° <= B <=27.5°
ep=1800-93.14 B
For27.5°<B <=45°...(11)
where B = tan™ (f1/£2)

(2) In compression-tension zone:

(a) In compression:
ep= -2200+173.8B
For0°<=B <= 7.5°
ep =-980+10.6 B
For7.5°<B <= 9%0° ......(12)
(b) In tension:
ep= 770-62.67 B
For(°<= B <= 7.5°
ep=317-23B
For 7.5°<B<=90" " (13)
where B = tan™ (f1/-2)

(3) In tension-tension:
(a) In the major direction:

ep=110-0777 B ......... (14)
(b) In the minor direction:
ep=-26+224 B ........ (15)

where B = tan™ (f2/f1)

In the present investigation Eqns.(10)
to (15) were used for obtaining values of
peak strain.

2.1.2 Biaxial Orthotropic Constitutive

Relation for Concrete
Liu (18) derived an orthotropic
constitutive relation in matrix form, suitable

for use in finite element analysis, as follows:
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fl El
— v 0 el
E2
2Z2i=] vi As D *1e2l...(16)
El" E2'
f12 0 0- el
El'+E2 “+2E2' v

In which the stresses and strains are listed In

order of maximum. minimum and shear.
A=El'l [(EI'/E2' )-v"2]
Ei=Ei'/(1-VKi)

Where Ei can be obtained by differentiating
Eqn.(2) with respect to " e * as follows:

el

E[1-  f-——) ]
epi
Ei=
| E el ei 2 2
(1w ki) [ 14 . =23 1+ )]
I-v ki Esi epi epi
ol

in which Esi = fpi / epi i=1, 2
The relation (16) was proposed by Liu

[181 to represent orthotropic constitutive
concrete under biaxial
compression  stress, In the present
investigation this relation has also been used

relation for

for other states of stress.

2.1.3 Appliance of Stress- Strain

Relationships
Based on stress-strain curves of

concrete obtained by Kupfer [151 in 1969,
Mahmood [13] in 1986 assumed that the
concrete behaved linearly in tension up to a
value of 60 % of the peak stress in both
biaxial tension and in biaxial compression-
tension for stress ratio k2 = fl1 / 2 inthe
range (-0.2 > k2 >-o). After this limited
stress value the relation was considered

nonlinear and Eqn.(2) was used. For other
stress ratios in biaxial compression-tension
zone. and for biaxial compression zone the
relation considered nonlinear according to
Eqn.(2).

2.2 Shear Modulus for Cracked
Concrete

Cracked concrete element s
considered capable of carrying some shear
components by aggregate interlock
phenomena. Celodin et al [11] suggested a
linear degradation in the shear modulus of
cracked element with strain normal to crack
direction as follows:
G’=F*(l-el/ec)*E:0<el<ec
G'=0 : el >ec

In which G'= reduced shear modulus;
F = numerical constant; el = fictitious strain
in the direction normal to the crack; ec=
limiting strain value after which aggregate
interlock becomes zero. For shallow beams,
it was found [ll] that value of F=0.1, and ec =
0.0045 give good results, while for deep
beams. value of F = 0.3 and ec = 0.0022 was
found [!3] to give good results.

i i®

2.3 Failure criteria
2.3.1 Tension-Tension

When the major principal stress or
strain exceeds its limiting value in Eqn.(8)
and (14). a tension crack is assumed to
develop in direction normal to that of major
principal direction. This cranking model is
known as a “smeared crack model” where
an infinite number of parallel fissures were
assumed to take place across that part of the
isoparametric element represented by an
integration point (Fig.1). When the crack
occurs in the major principal direction the
stiffness of the material in that direction is
set to zero, and the constitutive relation (16)
is reduced to:
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fl 0 0 0 el
f2l=10 E2 0] * &2
fl 0o 0 @& e3

Where - E2 - is the uniaxial modulus of
elasticity in the minor principal direction.
obtained from Eqn.(17) by setting va'ue of
stress ratio to zero, and “ G' “is givenin

Eqn.(18).

2.3.2 Compression-Tension

When the positive principal stress “ fi ™
or strain “ el * exceeds the corresponding
limiting value given in Eqns.(7)and (13),a
crack was assumed to take piace. * El ™ Is set
to zero, and “ G * Is reduced to * G' .

2.3.3 Compression-Compression

When the major principal strain exceeds
Its limiting value given by Eqn(l0), a
crushing is assumed to occur. Also ™ E1™, s
E2 “ and “ G * are all set to zero.

2.4 Constitutive Relation Transformation
The constitutive relations in Eqns.(16)

and (19) are functions of the principal stress
and the principal strain values. These
relations are referred to the principal axes,
therefore, for stiffness calculation, it is
necessary to transform such relations into
global axes using tiie transformation relation:

(D)= (17" [D'][T] e (20)
Where
(& 5 cs
T} =|s c spg ey (21)
-2cs  2cs c-8
c=cosB s=sinB

B is the counterclockwise angle between
general global coordinates that coincide with
principal axes.

[D'] is the constitutive matrix for
element in principal direction

[D] is the constitutive matrix for element
in global coordinates X, Y.

2.5 Steel
In this investigation. steel was assumed
to be linear elastic-perfectly plastic material

2.6 Steel-Concrete Interaction

Bond is the phenomenon of stress
transfer between steel and concrete. Since
the tensile strength of concrete is usually
considered to be more critical than the bond
strength  [14] and because the linakage
element provided by Ngo and Scordelis and
Nilson is based only on certain assumptions
[5], therefore in this investigation the perfect
bond was assumed to simulate the interaction
betwern steel and concrete.

3 - Finite Element Idealization
Quadrilateral ~ isoparametric eight-noded
clements with 2 x 2 integraion Gauss points
[Fig.2] are used to represent the concrete.
Bar elements perfectly connected to concrete
nodes are used to represent both main and
secondary steel. The supports are represented
by using 2-Dimensional constant strain
triangular elements. The characteristics of
these elements types are presented in many
text books (31.22.23.24).
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4 - Nonlinear Soluton
4.1 Nonlinear Solution Technique

The combined incremental-iteration
method is utilized, in which the mode! are
loaded incrementally with preselected load
Increment. And for each increment a
successive iterations are made to improve the
equilibrium of the structure.

4.2 Nonlinear solution algorithm

The nonlinear algorithm solution steps
are given below and the flow chart of the
algorithm is given in the next pages:
|- At the beginning of first increment. The

tangential stiffness matrix [Kt] is formed and
assembled using initial material properties.
2- First load increment is formed.

3- Incremental displacement {Au '} are
calculated: _

)= TR T (DY) v vimmnna {22)

Where I[.ﬂ'n.]:r'] is the incremental load
Vector, [Kt™'] is the tangential global
stiffness matrix.

4-Total, displacement [u'] are calculate by
adding the current incremental displacements
(Au' 1 to the previous accumulative
incremental displacements [u"'].

4- Using the incremental displacements
[auUY, incremental strains {Ae'} are
calculated: _

{Ae") =[B] (Au) .cooevvniiinnennn.(23)
where [B] is the strain-displacement
relationship matrix.

5- The incremental strains {Ae'} are added
to the previous accumulative strains (e to
obtain total strain {e'}.
6- Principal strains are calculated from the
total strains {e'}.
7- From the principal strains, principal
stresses are calculated using Eqn.(2)
8- The cracking and crashing in concrete
are checked.
9- The stress in steel ere calculated.
10- The yielding in steel is checked.
"1-According  to the current material
roperties, a new tangential global stiffness
vatrix [K1] is formed and assembled.
12-Unbalanced forces are calculated from
the difference between the applied load and
the actual resu'tiag forces in the structure.
13-The steps #-12 are repeated until the
convergence criteria is satisfied or number of
iterations is exhausted. For (his repeatation
process, unbalanced forces calculated in step
12, and tangential global stiffness” matrix
calculated in step 13 are used in the analysis.
14-A new load increment is formed and the
steps 3-15 are repeated.
It should be noticed that the tangential
global stiffness matrix is not constant
through the iteration procedure for each load
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increment. where it is recalculated in each
iteration in order to increase the convergence
rate.

In the above algorithm " i " denotes
iterative number. where the numbering
process starts from the first iteration in the
first load Increment, and continues
throughout the subsequent load increments.

Unbalanced forces :
It is calculated at the end of iteration " i "
according to the following relation [13]:

[UP]= (1-0)[(Ap) - [KE] {Au'}] .........(24)
Where {Api} Is the applied load In this
iteration; {Au'} is the incremental

displacements  calculated according to
Eqn.(22) by using the tangential global
stiffness matrix at the end of last iteration
[Kt"']. @ isaconstant was taken equal to
(.5 to minimize the truncation error.

Convergence criteria:

In this Investigation the following
convergence criteria which is used by Philips
and Zienkiewicz et al [9] is used:

CF= ({Up}"{Up})"™ ({P}" (P})""..... (25)
This equation represent the ratio of norm
of unbalanced forces to the norm applied
load. CF is a pre selected convergence factor
and it was taken in the range of (0.01-0.02).

5 - Results and Discussion
5.1 Reinforced Concrete Deep Beams
Without Openings

The developed analytical model - F.E
program was checked by solving three dcep
beams of different span-depth ratio tested
experimentally by Kong et al [8] and
analyzed numerically by Mahmood [13]. the
geometry and reinforcement of these beams
are shown in Fig. (3). All beams have width
of section equal to 76.2 mm. The notation of
the beams are the same as originally given
by Kong [8]. The main reinforcement consist
of one steel bar of 19.1 mm diameter of 286

MPa average yield strength. The web
reinforcement consist of 7.9 mm and 9.5 mm
diameter of 300 MPa and 280 MPa average
yeild strength. respectively.

The ultimate uniaxial compressive

strength (fc') and the cylinder splitting tensile
(fsp) of concrete for the three beams are as
shown below:

Table (1) Details of the beams tested

5.1.1Finite Element Idealization

Due to the symmetry in both geometry
and loading one half of the beams is
analyzed by preventing the nodal points
along the centerline from moving in
horizontal direction. While they were
allowed to be free to move in vertical
direction ( Fig.(4)). The concrete is idealized
by using 15, 20 and 25 quadrilateral
1soparametric eight-node elements for the
beams 3-10, 1-20 and 4--30, respectively.
Where in all these 5 elements are used along
the helf span, with 3, 4 and 5 elements along
the depth for beams 3-10, 1-20 and 3-
40, respectlvely. Both main and
secondary steel are idealized by bar elements
assumed perfectly connected to the nodes.
The support is idealized by using four
triangular elements of steel having thickness
equal to the thickness of the base plate and
width equal to the width of the beams.

In the analytical solution of ordinary
beams, some of the previous investigations
(25.25,27) ignored cover of the tension
reinforcement in order to simplify the finite
element solution, and because deep beams
have ratio of cover to overall depth much
smaller than that of ordinary beams,
therefore tension cover is aiso ignored in the
present idealization.
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e 5.1.2 Analytical results
i il il The Fig.(5) shows comparison
=, B e between analytical and experimental
e load-detlection curves and Table (2) gives

failure loads for beams 3-10, 1-20 and 4-30
using difierent models. From the above
figure and table it's obvious that the
simulation of the support has a significant
effect on behavior of the three beams,
especially on the beams 1-20And 4-30. The
ultimate load was increased from 97 % 1o
104.1%, from 53% to 82.4%. and 41 6% 10
74.2% of the experimental ultimate load for
the beams 3-10, 1-20 and 4-30, respectively.
Although by simulation of the support. the
ultimate load or the beams3-10, 1-20. and 4-
30 was increased. But these heams failed
Locally by crushing of the concrete above
the support.
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This is especially for beam 4-30,
where the crushing occurred before
occurrence of any diagonal cracks in the
shear  zone.  Therefore, an extra
reinforcement was provided in beams 1-20.
and 4-30, where three vertical bars or 6.4
mm (1/4 in) was provided in middle and two
sides of the elements under the load and
above the support.

The final crack pattern for beams 3-10,

and 4-30 are shown in Fig (6). The cracking’
in all beams started in flexural zone. At the
load 66,75 KN. in beam 1-20, and 378.25
KN in beam 4-30 diagonal cracks between
the load and the support were initiated. The
final analytical cracks patterns for beams 3-
10 and 4-30 show good correlation with
experimental one both in distribution and
orientation.
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Table (2) Failure loads for beams of Kong |8] using different models

(KN)

' I
Experim | Model A PORIE el (R0
Beam ental of Kleatiec
Pai rt with
No. kong(8] | Ref[13] oint Idenlized support w
support support extra

178.00
400.50
467.25

* Extra reinforced was not used in beams 3-10.
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5-2 Reinforced Concrete Deep Beams
With Openings

The Finite element program is applied to
solve deep beams with openings. The
analyzed beams were obtained from beam
1-20 by removing the web reinforcement,
and putting openings with different locations
in the shear span. A total of six deep beams
with openings were obtained. Details of
thesc beams are shown in Fig (7). The
concrete in all these beams is idealized by
using 25 elements (5 elements along the
half-span and 5 elements along the depth
(see Fig (8)).

5-2.1 Analytical results

Analytical final crack patierns for beams
1-20-1 to 1-20-6 are shown in Fig. (8). The
first cracks, which are marked by points,
appeared at the load 89 KN in all beams
except in beam 1-20-4, where the first cracks
occurred at the load 44.5 KN.

Fig.(9) shows effect of the openings on
behavior of beam 1-20-1. From this figure, it
is clear that presence of the openings in the
beam decreased its stiffness. Hence the
ultimate load capacity is decreased, and the
deflection is increased. Among beams 1-20-
1 through 1-20-6 the beam 1-20-1 (with no
openings) have the maximum ultimate load,
while the beam !-20-4 (with openings near
the supports) has the minimum ultimate load.

One can notice also the early diagonal
cracks at corners of the openings as a reslts
of stress concentration. Presence  of
horizontal cracking at the top left corno o of
the openings is noticed in beams 1-20-7, 1-
20-3 and 1-20-6.

5.2.2 Comparison between behavior of
heam 1-20-1 and beam 1-20-2

A comparison between behavior of
beams 1-20-1 (with no openings) and 1-20-2

(with openings near the mid-depth in shear
zone) is presented here to study effect of
these openings on the distribution of
concrete stress.

5.2.2.1 Lateral stress (fx)

The variation of lateral stress (fx) along
the beam depth of beams 1-20-] and 1-20-2 at
mid span scction, and at distance of 0.5 D
from the support are shown in Figs. (10) to
(13). It is clear from these figures that
presence of openings made a dramatic
change in nature of the distribution (Fig (11)
and (13)). The discontinuous part of these
curves are due to cracking of concrete in
these regions. In Figs. (10) and (12), itis
shown that the neutral axis has to be moved
upward as load is increased due to concrete
cracking in the tension zone, while this is not
true for Fig. (13) because the cracking is also
occurred at the mid depth adjacent to the
opening.

/ /
I o2 S 17 3 N1
S0 | |
s__-_*)}h_f’/_/f.g__;_ L] il
(B) Beam 4-30

Single lines indicate analytical eracks.
Double lines indicate analytical crushing.
Represents experimental crushing.
Fig. (6) Analytical and experimental crack
patterns
at failure load for heams 3-10 and 4-30
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—4 %x=178mm p— )
x—J—\ I_LI
Halx k- L
! a20
D=508 mm
e el x 4 T
k20
| R | E_1_I
f— 762 mm -+
Je— 215 mm
Ref. No. aize poaition
of
beams al a2l k1 k2
1-20-1 —ee e — —— —-—
1-20-2 1 0.185 i 0.445
1-20-3 1 0.185 1 0.430
1-20-4 1 0.185 1 0.260
1-20-5 0.5 0.185 ;| 0.445
1-20-6 0.5 0.185 0.5 0.445

Fig.{ 7 ) Rafrence No.s, sizes, and poaitions of the
cpenings in beams 1-20-1 through 1-20-6
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through 1-20-6
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5.2.2.2 Vertical stresses

The vertical stress variation along the
half span of beams 1-20-1 and 1-20-2ata
distance of 0.76 D from the extreme top fiber
are shown in Figs. (14) and (15). In beam [-
20-1 the distribution of vertical stress at the
first load increment 44.5 KN wvaries from
maximum above the support to minimum at
the centerline, while in beam 1-20-2 the
distribution is different for the same load.
This can be attributed to presence of
openings in beam 1-20-2, For the subsequent
load increments, it can be seen that in both
beams there is some kind of stress
concentration at the points marked by “c”.
This is because these points have been
cracked, and the stress in cracked direction
reduce to zero, consequently the state of
stress become uniaxial.

5.2.2.3Shear stresses

The shear stress variation along the
depth of beams 1-20-1 and 1-20-2 at distance
0.21D, from support (nearly at middle of the
shear span) are shown in Figs. (16) and (17).

The shear stress distribution for beam
1-20-1 is parabolic in all loading stages,
While beam 1-20-1 the distribution curve in
each load is divided, into two nearly
parabolic curves. In each curve (Fig (17)) the
shear stress reduced to zero at the upper and
lower boundaries of the openings. which is
logically true because the shear stress is
equal to zero at the lower and upper faces of
the opening.
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5.2.2.4 Comparisons

From table (2), it is clear that failure
inads for beams 3-10, 1-20, and 4-30 were
found to be 104.1%, 94.1% and 88.1% with

respect to Kong's experimental results,
respectively. While Mahmood's results were
104.1 % , 105.95 % and 97.34% with respect
to Kong's results, respectively. The above
discrepancies are mainly due to that a trial-
proportioning of reactions at the supported
nodes was used in Mamoond's investigation.
While in our investigation a discretized
attached base-plate and an extra
reinforcement above the support and under
the load were used moreover once steel
elements yielded; they were cancelled for the
next loading stage in forming the stiffness
matrix of the domain.

6- Conclusions

. The present nonlinear solution algorithm
for the analysis of reinforced concrete
deep beams with or without openings
can be used to predict the behavior of
deeg beams in certain aspects.

2. The finite element method can predict to a
large extent the behavior and failure
load with the presence of openingsin
the beams and deep beams.

3 The proposed finite element model gives a
good representation for the deep beams
behavior.

4. The constitutive relations for concrete
proposed by Liu [17] were found to be
satisfactory and reliable to use for deep
beams.

5 The smeared cracking model can
represent the real cracking process in
deep beams.

6. The simulations of supports, and

vision of extra reinforcement under
the load and above the supporis have a
significant effect on the analytical
behavior of deep beams, especially for
beams with span depth ratio less than 2.
This conclusion about simulation of
?Ilqﬁmns was also stated by Mahmood
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